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Mainly based on a joint work with Rene Schilling (TU Dresden, Germany):
arXiv:1803.11435

1. Background and motivation
2. Main results

3. Basic idea of the proofs
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Background and motivation

o Recall the classical heat equation on R

ou
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Background and motivation

o Recall the classical heat equation on R?

ou

o Its fundamental solution is given by the Gauss kernal

_ 1 [!%—W

. t>0, 2,y€ R
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Background and motivation

o Recall the classical heat equation on R?

ou

o Its fundamental solution is given by the Gauss kernal

1 |z —y|?
p(t,z,y) = WGXP {— m

], t>0, z,y € R%

o d-dimensional Brownian motion generated by A.
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Space-fractional equation

o The non-local heat equation (0 < 5 < 1)
ou

2 (A
5 (—A) u.
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Space-fractional equation

o The non-local heat equation (0 < 5 < 1)
ou
ot

o 2[3-stable Lévy process W,.

—(=A)’u.

Here S; is an independent [-stable subordinator with

Ee ™ = e_t/’ﬁ, r>0,t>0.
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Space-fractional equation

o The non-local heat equation (0 < 5 < 1)
ou
ot

o 2(3-stable Lévy process Wg,.

—(=A)’u.

Here S; is an independent (3-stable subordinator with

Ee ™t = e_”B, r>0,t>0.
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Space-fractional equation

o The non-local heat equation (0 < 5 < 1)
ou
ot

o 2(3-stable Lévy process Wg,.

—(=A)’u.

Here S; is an independent (3-stable subordinator with

Ee ™t = e_”B, r>0,t>0.

o By independence, the heat kernel is

Ep(Si, 7,y) = / p(s, 2, ) P(S, € ds).
0
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Time-fractional equation

Time-fractional heat equation (0 < 3 < 1)

9Py
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Time-fractional equation

Time-fractional heat equation (0 < 3 < 1)

0%u
— = Au.
otP
Here gTﬁB is the Caputo derivative:
Pft)  d
)0}
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Time-fractional equation

Time-fractional heat equation (0 < 3 < 1)

9Pu

Here gTﬁB is the Caputo derivative:

I _d i
= S 1)),

The Riemann-Liouville integral operator:

1)
P10 =5 || gt

EHS (R AZE)
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Time-fractional equation

o Time-fractional equation (0 < 5 < 1)

95 B
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Time-fractional equation

o Time-fractional equation (0 < 5 < 1)

9Py B

o Corresponding process WS;L

S;ti=inf{s>0:8,>t}, t>0.
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Time-fractional equation

o Time-fractional equation (0 < 5 < 1)

9Py B

o Corresponding process Wst—l.

S;ti=inf{s>0: 8, >t}, t>0.
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Time-fractional equation

o Time-fractional equation (0 < 5 < 1)

9Py B

o Corresponding process Wst—l.

S;ti=inf{s>0: 8, >t}, t>0.

Meerschaert & Scheffler, 2004, JAP
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Time-fractional equation

o Time-fractional equation (0 < 5 < 1)

9Py B

o Corresponding process Wst—l.

S;ti=inf{s>0: 8, >t}, t>0.

Meerschaert & Scheffler, 2004, JAP
Z.-Q. Chen, 2017, Chaos, Solitons and Fractals
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Time-fractional equation

o Time-fractional equation (0 < 5 < 1)

9Py B

o Corresponding process Wst—l.

S;ti=inf{s>0: 8, >t}, t>0.

Meerschaert & Scheffler, 2004, JAP
Z.-Q. Chen, 2017, Chaos, Solitons and Fractals

o S; ! is the scaling limit of a renewal process.
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Speed under time-change

flat
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Speed under time-change

flat
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Speed under time-change

flat
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Speed under time-change

S, / A
/o jump flat
f f
o W, < 11/21W, Ws, < t/COWg,

° Wy L t"2Wg1 (subdiffusion, slow diffusion)
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A sample path (by Jin-Kobayashi, 2019)
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Time fractional equation

o Time-fractional equation (0 < 8 < 1)

0%y
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Time fractional equation

o Time-fractional equation (0 < 5 < 1)

9P B

e The heat kernel is
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PDE vs probability

PDE Heat Kernel Process
ou = Au p(t,xz,y) W,
du=—(=A)u  Ep(S,=,y) Ws,
’u = Au Ep(S; ', z,y) Wi
O'u = —(—A)"u Ep(Ts,x,y) Wr_,
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i
ot

Heat kernel of

o p(t,x,y) is the Gauss heat kernel, and S; is a [3-stable
subordinator.
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Heat kernel of % = —(=A)y

o p(t,x,y) is the Gauss heat kernel, and S; is a -stable
subordinator.

o When 3 =1/2,

c(d)

o o\ —(d+1)/2

t2
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Heat kernel of % = —(=A)y

o p(t,x,y) is the Gauss heat kernel, and S; is a -stable
subordinator.

o When 5 =1/2,

cld T — o\ —(d+1)/2
e - 0 (1 aBY

o If 5 # 1/2, NO explicit formula for I p(S;, z, y)!!!
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Heat kernel of % = —(=A)y

o p(t,x,y) is the Gauss heat kernel, and S; is a -stable
subordinator.

o When g =1/2,

c(d x_yg —(d+1)/2
Ep(Si, z,y) = % (1 + ‘t—2|> :

o If B # 1/2, NO explicit formula for IE p(S;, z, y)!!!

o A natural question: asymptotic formula?
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Motivation 1

o It is known that as |z — y|*t~ /% — oo,

c(d, B)t
(o — g2+ 105)

Ep(St, €, y) ~

Pélya, 1923, d = 1
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Motivation 1

o It is known that as |z — y|*t™1/# — oo,

c(d, B)t
(Jo — y[2 + 11/3) T2

Ep(Sta Z, y) ~

Pélya, 1923, d = 1
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Motivation 1

o It is known that as |z — y|*t™1/# — oo,

c(d, B)t
(l =yl + 2/2) 2

Ep(Sta Z, y) ~

Pélya, 1923, d =1
Blumenthal and Getoor, 1960, general d > 1
Tool: Bessel function
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Motivation 1

o It is known that as |z — y|*t™1/# — oo,

c(d, B)t
(2 — y[2 + 11/8) 272

Ep(Sta Z, y) ~

Pélya, 1923, d =1
Blumenthal and Getoor, 1960, general d > 1
Tool: Bessel function

A. Bendikov, 1994, a quite elegant proof

Tool: Bochner's subordination
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Motivation 1

o It is known that as |z — y|*t™1/# — oo,

c(d, B)t
(2 — y[2 + 11/8) 272

Ep(Sta Z, y) ~

Pélya, 1923, d =1
Blumenthal and Getoor, 1960, general d > 1
Tool: Bessel function

A. Bendikov, 1994, a quite elegant proof

Tool: Bochner's subordination

o Q1: asymptotics as |z — y|*t~'/% — 07
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Motivation 2: heat kernel under inverse subordination

o p(t,x,y) is the Gauss heat kernel, and S; is a [3-stable
subordinator.
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Motivation 2: heat kernel under inverse subordination

o p(t,x,y) is the Gauss heat kernel, and S; is a -stable
subordinator.

o It seems impossible to expect explicit formula for
Ep(S; !, x,y), i.e. the heat kernel of Ws-1 (Note:
non-Markovian).
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Motivation 2: heat kernel under inverse subordination

o p(t,x,y) is the Gauss heat kernel, and S; is a -stable
subordinator.

o It seems impossible to expect explicit formula for
Ep(S; !, 2,y), i.e. the heat kernel of Wg-1 (Note:
non-Markovian).

o Q2: asymptotics for Ep(S; !, z,y)?
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Motivation 3: fractional in both space and time

Consider

APu

ot
where 5,7 € (0,1).

= —(—A)"u,
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Motivation 3: fractional in both space and time

Consider

APu

ot
where 8,7 € (0,1).

= —(—A)"u,

Q3: asymptotics for the heat kernel?
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Main result

Consider the fundamental solution p(¢, x,y) to
9Pu

w = —(—A)’Y’U,.
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Main result

Consider the fundamental solution p(¢, x,y) to
9Pu

w = —(—A)’Y’U,.

Theorem (D.-Schilling, 2019+)

(1) As |z — y|~2/8t — oo, p(t,z,y) is equivalent to
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Main result

Consider the fundamental solution p(¢, x,y) to
9Pu

w = —(—A)’Y’U,.

Theorem (D.-Schilling, 2019+)

(1) As |z — y|~2/8t — oo, p(t,z,y) is equivalent to

(

d=1& € (3,1),

d>2y&~vy€(0,1).

v
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Main result

Consider the fundamental solution p(¢, x,y) to
9Pu

w = —(—A)’Y’U,.

Theorem (D.-Schilling, 2019+)

(1) As |z — y|~2/8t — oo, p(t,z,y) is equivalent to

( 1 1
L(35)I'(1 - 5) $=B/(2) d=1& € (3,1),
27rfyI‘(1 - %)

d>2y&~ve(0,1).

v
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Main result

Consider the fundamental solution p(¢, x,y) to
9Pu

w = —(—A)’Y’U,.

Theorem (D.-Schilling, 2019+)

(1) As |z — y|~2/8t — oo, p(t,z,y) is equivalent to

(T(L\T(1 = L
(m) ( BQW) $=B/C@), dzl&’Ye(%vl)’
27T’}/P(1—a)
p -8 =
T1—5) og [lz —y77t], d=1&7=75
d>2y &y e(0,1).

v
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Main result

Consider the fundamental solution p(¢, x,y) to
9Pu

w = —(—A)’Y’U,.

Theorem (D.-Schilling, 2019+)

(1) As |z — y|~2/8t — oo, p(t,z,y) is equivalent to
(T(L _ 1
Ilz;)r BM £ =B/, d=1& € (3,1),
ﬁ -6 =l
_ P i Blog |z — y| VA d=1& =1
T g o8 [z —y|77], T=14
2’}/1—‘((1_227) 2v—d
—yPhF, d> 29 & 0,1).
\ 21+277Td/21—‘(1 — 6)1—\(1 _1_7) |Z‘ y| ) VY S ( ) )

v
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Main result

Consider the fundamental solution p(¢, x,y) to

0Pu

Asymptotic Formulas for the Heat Kernels o i 201947 H 16 / 27



Main result

Consider the fundamental solution p(¢, x,y) to

ou
Theorem (cont.)
(2) As |z — y|~2/ht — 0,
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Main result

Consider the fundamental solution p(¢, x,y) to

0Pu

Theorem (cont.)
(2) As |z — y|~2/ht — 0,

74T (§ +7)
/2T (1 — )BT (B)

p(t, @, y) ~ |z — gy~

BER (LK) Asymptotic Formulas for the Heat Kernels o Q@ EHMKFE  20194E7H



General framework

e Let p(t,z,y) be a heat kernel on a metric space (M, p)

&! p(z,y)
p<t7$7y) td/a (CQ tl/a ) t>07 xayej\/[v

where d, ., C;,Cy > 0 and F': [0,00) — (0,00) is {.

BEF (LK) Asymptotic Formulas for the Heat Kernels ¢ Q@ FHM A 20194:7H 17 / 27



General framework

o Let p(t,x,y) be a heat kernel on a metric space (M, p)

Ch p(@,y)
p(t,l‘,y) td/a (02 tl/ )a t>0a xayeMa

where d, a, C;,Cy > 0 and F': [0,00) — (0,00) is {.

e Typical examples of F' are
F(r) = exp [—r“/(“_l)} with some av > 2, (%)
F(r)y = (147?72 with some a > 0.  (J%k)
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General framework

o Let p(t,x,y) be a heat kernel on a metric space (M, p)

Ch p(@,y)
p(t,l‘,y) td/a (02 tl/ )a t>0a xayeMa

where d, a, C;,Cy > 0 and F': [0,00) — (0,00) is {.

e Typical examples of F' are
F(r) = exp [_ra/(a_l)} with some o > 2, (%)
F(r) = (14 r%)~@*+)/2  with some a > 0. (Jek)

e Indeed, under some conditions, Grigor'yan-Kumagai (2008),

- Cl p($,y)
p(t,z,y) < WF <Cz A )
where F'is of the form either () or (J¥%).
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Related results

When

tl/c

p(t,x,y)vtf/la (02( y)))

Z.-Q. Chen-P. Kim- T Kumagai-J. Wang (2018) derived two-sided
estimates for Ep(S; !, z,y).

EHS (R AZE)
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Related results

When

_ 01 ( y)
p(t,.f,y) td/a (02 tl/o‘ )

Z.-Q. Chen-P. Kim- T Kumagai-J. Wang (2018) derived two-sided
estimates for Ep(S; !, z,y).

Related fractional SPDE (M. Foodun, E. Nane, R. Sun, ---):

9Py

=7 = —(—A)u+ U(U)W(t? ),

where W (t,z) is a space-time white noise.
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Typical examples

C
p(t,z,y) = td/laF (O2p(3:,y)) , t>0,z,ye M.

o Gauss heat kernel

1 r —yl?
p(t,aﬁay)—eXp{—| |}-
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Typical examples

C
p(t,z,y) = td/laF (O2p(3:,y)) , t>0,z,ye M.

o Gauss heat kernel

1 x —y|?
p(t, 7, y) = <775 exXp {—%} .

e Poisson kernel

—(d+1)/2
c(d x — y|?
p(t,%y):id)(“r’tg’) -
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Typical examples

C
p(t,z,y) = td/laF (O2p(3:,y)) , t>0,z,ye M.

o Gauss heat kernel

1 x —y|?
p(t, 7, y) = <775 exXp {—g} :

e Poisson kernel

cld T —y o\ —(d+1)/2
p(t,%y):% (1+’t—2’) :

e Symmetric a-stable Lévy process:

1 [z —yl
pltle =) = g v (1552
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Our framework

_ G plz,y)
p(t;l',y)—td/aF(Oz tl/a 5 t>0, :L‘,yGM

e Let X be the Markov process on M associated with p(t, x,y),
and denote by £ the generator.

BER (LK) Asymptotic Formulas for the Heat Kernels o @ HRKF  20194:7H 20 /



Our framework

_ G p(x,y)
p(t,fﬂ,y)—td/aF(Cz e ) t>0,z,y€ M.

o Let X; be the Markov process on M associated with p(t, z,y),
and denote by L the generator.

o Let S; be an independent [-stable subordinator.
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Our framework

_ G p(x,y)
p(t,fﬂ,y)—td/aF(Cz e ) t>0,z,y€ M.

o Let X; be the Markov process on M associated with p(t, z,y),
and denote by L the generator.

o Let S; be an independent [-stable subordinator.
o Our aim: Ep(S;,z,y) and Ep(S; ', z,v).
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Our framework

_ G p(x,y)
p(t,fﬂ,y)—td/aF(Cz e ) t>0,z,y€ M.

o Let X; be the Markov process on M associated with p(t, z,y),
and denote by L the generator.

o Let S; be an independent [-stable subordinator.
o Our aim: Ep(S;,z,y) and Ep(S; ', z,v).

@ They are the fundamental solutions to
Ju

_ _(_ P \B
ot (=£)"u

and

respectively.
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_ G p(z,y)
p(t’z’y)_td/aF(CQ /o , t>0, l‘,yGM.

Theorem
(1) As p(z,y)t /(@A) — oo,

Ep(sba:ay) ~
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_ G p(z,y)
p(t’z’y)_td/aF(CQ /o , t>0, l‘,yGM.

Theorem
(1) As p(z,y)t /(@A) — oo,

C o0
1af ) C{d_aﬂ/ sd+°‘/3_1F(s) ds-p(x, y) 4Pt
0

Ep(St7 Z, y) ~ 1—‘(1—_5
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_ G p(z,y)
p(t’z’y)_td/aF(CQ /o , t>0, l‘,yGM.

Theorem
(1) As p(z,y)t /(@A) — oo,

C o0
1af ) C{d_aﬂ/ sd+°‘/3_1F(s) ds-p(x, y) 4Pt
0

Ep(St7 Z, y) ~ 1—‘(1—_5

(2) As p(z,y)t=/ ) =0,

Ep(St7 xz, y) ~
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td/a

C x,
p(t7$7y) = : F (CQp( y)

Theorem

(1) As p(a,y)t /D —

oo,
Crap —d—ﬁ/ood - —d-
Ep(Sy,z,y) ~ =——C,““ stHeB=1p () ds-p(x, y) "4 5.
(2) As p(z, y)t= /(") — 0,
(%) d/ aﬁ)
Ep(staxvy) F g

BER (LK)

Asymptotic Formulas for the Heat Kernels o

Q@ EHMKFE  201947H 21 /27



Asymptotic Formulas for the Heat Kernels o Q@ EHMKFE  20194E7H 22 /27



Asymptotics for Z Oﬂg

_ G p(z,y)
p(tax7y)td/aF<C2 11/a ’ t>07 x,yEM.

(1) As p(z,y)~*Pt — oo, Ep(S;*, x,y) is equivalent to
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Asymptotics for 2-4

(1) As p(z,y)~*Pt — oo, Ep(S;*, x,y) is equivalent to
_d
ClF(O"‘);((ll,;i)) ol if d < a,
glﬂﬁ) F(0+)tFlog [P( y)_a/ﬁﬂ if d = q,
C C’a 0 a— o .
T Jo s F(s)ds - p(w,y) TP, ifd > a
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= Lu

Asymptotics for Z W

Cy p(z.y)
p(t7$7y) td/a (02 /o , t>0,z,y€e M.

(2) Let p(z,y)~*/%t — 0.
If p(t,z,y) is of jump type, then

Ep(S; ', z,y) ~
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Asymptotics for 2% = Ly

01‘/’

Cy p(z.y)
p(t7$7y) td/a (02 /o , t>0,z,y€e M.

(2) Let p(z,y)~*/%t — 0.
If p(t,z,y) is of jump type, then

—d—
Cl C “ —d—at/:?

Ep(S; ', z,y) ~ BTG p(z,y)
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Asymptotics for 2

01‘/’

Cy p(z.y)
p(t7$7y) td/a (02 /o , t>0,z,y€e M.

Theorem

(2) Let p(z,y)~*/%t — 0.
If p(t,z,y) is of jump type, then

Cvlc—d «a

BT p(x,y) ="

Ep(S; !, z,y) ~
If p(t,z,y) is of diffusion type, then

Ep(S; !, z,y) ~
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Asymptotics for 2% = Ly

01‘/’

Cy p(z.y)
p(t7$7y) td/a (02 /o , t>0,z,y€e M.

(2) Let p(z,y)~*/%t — 0.
If p(t,z,y) is of jump type, then

—d—
GG —d—a,B

Ep(S; ', z,y) ~ BTG p(z,y)

If p(t,z,y) is of diffusion type, then

L _d1-p) _da=1)8 o B
Ep(S; -, z,y) ~ Kip(z,y)” =7 t @8 exp |—Kap(z,y)=-Ft H],
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Asymptotics for 2% = Ly

01‘/’

Cy p(z.y)
p(t7$7y) td/a (02 /o , t>0,z,y€e M.

(2) Let p(z,y)~*/%t — 0.
If p(t,z,y) is of jump type, then

—d—
GG —d—a,B

Ep(S; ', z,y) ~ BTG p(z,y)

If p(t,z,y) is of diffusion type, then

L _d1-p) _da=1)8 o B
Ep(S; -, z,y) ~ Kip(z,y)” =7 t @8 exp |—Kap(z,y)=-Ft H],

where K; = K;(d, a, ) > 0 are explicitly given (omitted here).

BER (LK) Asymptotic Formulas for the Heat Kernels o Q@ EHMKFE  20194E7H 23 /27



|dea of the proofs

p(St, x,y) = / p(s,z,y) P(S; € ds).
0

Ep /psxy S Eds)
0
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|dea of the proofs

Ep(Si, z,y) =/ p(s,z,y) P(S; € ds).
0

& Asymptotic for the density of stable subordinator:

__2-8 B
01(18) s 20=8 exXp _CQ(ﬂ) s 18 , ass— Oa
IP(Sl S dS)

as s — oQ.
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Technique from asymptotic analysis

Asymptotic formula (Laplace method/ Tauberian theorem)

If b > 0 has a unique local minimum point at r € (0, c0)
and h"(rqg) > 0,

o0
/ e Chr) qp ~ e Chin) 2—7T as C — oo.
0
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Possible extension/ Future work

ou 9Py
ot oth
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Possible extension/ Future work

ou 0%u
g Au 517 (—A)Tu v/ Finished
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Possible extension/ Future work

ou Ou
g Au 517 (—A)Tu v/ Finished
0%u
> —_ — — P
527 d(—A)u
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Possible extension/ Future work

ou 9Py
g Au 517 (—A)Tu v/ Finished
9P
3 = —¢(— L7
527 d(—A)u

where ¢ is the so-called Bernstein function.
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Possible extension/ Future work

ou 9Py
g Au 517 (—A)Tu v/ Finished
9P
3 = —¢(— L7
527 d(—A)u

where ¢ is the so-called Bernstein function.

& Asymptotic expansion?
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Thanks for Your Attention!
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